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ARSTRACT

The Super-B-Tree slgorithm

By Dan E. Willaxd

Computer Science classification: 3.73, 2.74

Leywords: anultidimensional searchizg, tertizl matceh retrievzl,
k-d tree, quzd tree, rtounded talance irese, 2-iree.
super-S-tree, augzmented tree, Tyrenid

In the treditional literzture concerming AVLI, 2-3, Tounded !
valence cor mulsiwa; Z-itrees. it hes Teen zssumed that a2 i
poinier-changing oreration would recuire aroproxi..atel one
unit of runtize. Tris arrroxinetion is ineszrlicabdle tc ke
auscmented trecs of 2877, Iuw78, Li78b, WiT82 arnd wi7€c, veczuse
these “rees associaie 2n suxiliery date s*ructure %o a=2ch
inierior node, which complicates trhe cost of poinier-chznzinc

zerations. Suech an overadicn will censucme 1 + Jw wiidts of
raniine in an augmented tree aprlication (where'J deilozes the
nunber of records that zzin & new ancestor s z result of the

pointer-changi:g overzstion, and w is a2 ccelficient derzending
the particulzar apzlication).

. The purpose of this rpager will be to rr.rose an algcrithn
which is 2 gereralization of traditional 2--rees designed to

tossess an C(wloz ) worst-czze inserticn end deleiicn rmim-ime
in an susmented tree environ—ent, This 2lzorithn is simificasn:
because it has the optiiel runtice order of —azsniude.
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The Suzer-3-Tre

e Ll=orithnm

- oo ) s e

By Dan E.

Juring the last yezr three papers

willard

(2S77, Iu78, Wi78z) heve

irderendextl; rrorosed itre use of & new data siructure whose i

-

most cereral form wes ceiled an auzmented tree in TiT78c.

augrented tree is defined as 2 tree rezresentation ¢f = sorted

list in which every interior node conizias = new figld of inor- l
netior wiich Wi78a cells 2 "subtiree descrirtion siructure {SI3).¢ 3

In the context o zn interior node v, the term "SISY referzs =0

- -

any arbitrer- user-delined datz

structire that desecrive:z 7'z

t3
[N
n

descerndznts., IT 2 trees soried by EZ

.
-

ld

(2]
'—J

S sorte

(U]

f an 3DS(v) fi

o]

P
n

dants b7 orcer of increzsing XEY.2 value.

‘g

WiT78c¢) of v's descendanis. The definition of SDS fields in

i782 wzs carefully worded to encozpass 21l future rcossibilities

by irdicatingz that SDS(v) zer be any da

ist that enuzersies v's cezcen-

artial naten data structure rectresentation (2e7S, RITE. 1785y,

rZ¥.1, then ons enzzzle

A Es - -~ < -
Mnother excrmtle s 2

e 2 - N F
ta structire Ssseoriping

v's descendan<s,

Research into the resrisvzl capzcities of zugentel irces

only seriously begsn during the lost year. 2377, Lu78, Iu7%
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o

end Wi738a verified that sezarches for the recoris saiisf;izg =

k-dizensionzl cuery of the form 3
2y ¢ EEY.1< b, & a2< KEY.2<’02 & vee ak<2.’EY.k<‘ok

can be rerformed in.O(logk M) tize with a srteciel =zugrented tree
that Vi78c calls = Po(k) prracid, Nore efficient auszerted srees
were also discussed in WiT78c. The article disylz;'s an irrroved
data structure that enebles k-dirensiornzl gsueries 1o be jzerforzeld
in O(log“:'1 1) time without zny serious =2ccorranying disalvania
Irn the srecizl case where k = 2, this result reduces *o = dot:
structure ixhat occuries C(Illoz ) srace znd hos the sc=e C{lez 7}
worst-case retrievel time as one-dimensional soried lisis, Zxere 0
are zlso many additional retrievel theorems gbout sugmeniel irees
nentioned in Wi78a and ViT78c.

The rurcose of this paper will be to explain Zow recor

-

)
(0]

can be efficiently irserted into ané cdeleted from augmentied

trees. Our algorithz, celled the surer-B-tree trccedure. wilil
be & generalizztion of traditional B-itree rtrocedures wnizh Is
specificell; designed for the cese of ausmented trees. T
ruatize of this procedure czn test ve erplained by lessing w
denote the amount of runtize needed for a record %o te inserted
into or deleted from an SDS field (irn 2 particular zpplicazion).

Under the surer-3-tree algoriihm, =n3 recoréd can

into or deleted from an augrented iree in C(wlog I,

runtice.
The surer-Z~iree zrocecure will ve cuite different

traditional Z~trae courterzaris (sucii ag s

R I L




2-3, and nuliiwar algorithms). 7o uxderstard the reason for iiis,
let J denote the numter of reccrds that z2in or lose =2 ancesIer
as a result of z poirnter-changing operaticn. 3uck orerasicns will

-

clearly require C(1 +Jw) runtire in the context of an 2ugzerzied

tree. Considerztion of the degenerzte cese where J= X iniicztes

that 211 traditional B-tree 2lgoritihms must have an C(I1) worsi-case

insertion and deletion runtize when maritulatinz susmenied “rees.

The super-B-tree zlgorithm will thus reguire several <Surther
optizizations to attain its C(wlog N) worsti-czse rmuntire.
In additor to considerirz worsi-cazse runtize, *kis zazer

will 2lso exerine 2 weaker method of mecsuring runiize called

CERT, The definition of CERT, initroduced iz WiT78a, requires +ha<: !
i) the symbol & denote an algerithm which rerforms inser=icn
end deletion retions in a data structure denoteé zs o

ii) C denote a sequence of insertion andé deletion commend:

whose length is denoted zs | C |

iii) gdate siructure T recresent ithe ezdir set of recoris tefcrs

comrmand seguence C is sxecuted

Under these circumstances, zlgorithm & will te said tc neove a CIEC

(the 2cronym stands for "Conservative Sstimase of [usziTme”; ezucl
, to R iff C |R) represents the meximum emount of tize thet an
f secuence C can force & to consure.

An articie giving 2 prelixirary exzlaraticn

measured cost of inserstion and deleti

trees wes Lu78. The discussio: in Iu78 cer

structure whien wes callsd 2 (;, remid ia Vi

-

pyrazids are inductively Zefined =s folliows:

T T N T - R . " r,
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i) Po(l) is defined 0 te 2 standzrd tree whose recoris =re

sorted 2 ircreasing value iz their {irst ke;
ii) Po(k) Eyramids are augmented trees wiaose records zre

sorted by taeir k-th key.and whose SDS fields are

Po(k ~-1) pyramids
Iu78 displayed an algorithzm that inserted and deleted records in
Po(k) pyramids in O(logk o) CERT +time. The discussica in Iu78
dié not consider general zugmernted trees of arbivrery; comzlexiiy,
and its main zlgorithem woulc recuire significznt revisicn tc
process several augmented trees in O(wlog i) CZRT <izme. ilso
Iu78 did not optirize worst-case runtime.

Five months rrior to the rresentation of Iu73, I submitied

M
()

[4

a disseriatio: o the Harverd laihematics Derariment (WiT7S2)

-~

er indevendent derivziion o this

fu

whose subject zatter irncluds
matericl, as well zs a lerge number of additional and more
vowerful algorithms. It was understandsble ithei Iueker's

ST
overTTuL

presentaticn ¢id nct contain a refererce 1o the x=ore

theorens of 7/i78e, as the ILu78 cresentation w

L3}

{0

s given onl:
shortly thereafter.

The main purvose of Wi78z was o0 study fetrieval in the
context of the zet of records satisf;ing erbitrarily comprlex
vredicates, and to show how reirievel -- 23 well as <he eovaluasion
of the set's sums, counts, auliiplicative Troduct. wniverssl
guentifiers. existentizl quaniifiers, mezn values, zedien values.

mexinum values, and nini~un values —-- can te rerforred in

2 .
C(loz“ i) or less =worsi-cise m
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comcercial user recuests. Cne of the seven chapiers of 17tz
discussed 2n zlgorithn that was substenticlly mere cfficient

than the sorewhat sizmilar update srocedure whicxh later ar:

in ILu78. That chapter consisted

o]
Fy
e

i) 2 denonstration that 211 tradiiional EBE-iree zlgoriihz
require C{wY) CERT time when arplied to augmented <rees
ii) 2 description of 2 rrocedure fundamentally differenz
fron Iu78 that for arbitrarr zuzrensed Irees can izzers
or delete 2 record in C(wlog T) CZIRT-meazsured tire
iii) en exvlenation and formal preof illusireting how tie

o

a2bove algorithr can be improvel to develop a prccecure

with a strict O(wloz Ii) worst-case iire
A sirmiler three-pert code of rreseantation will be used hers
he suvject matter has been divided so that tozics i) and i)
are discussed in section 1, and toric iii) in sections 2 cxd
All proposiiions will be ziven itwo theorer numrersg i Izis
reper. The i{irsd axunmber indicates the chreneoloziczl arrornsex

of the rrorositions, &né the second indicztes where ~he sz-=

prorosition can te found in iT78a.




PART 1 : |

The nature of tiae chezllexnge Tfeced in this terer czn te
understood if sorme trzdéitiopel B-trees (AVI, 2-3, ard couliivwa: )
are exernined in detail. Theorex 1 demonstrztes that these

alzorithms require O(wN) CERT runtire when they manizulate

augmented trees. This CERT runtime indicates that these algoritics
are substantially nore difficult to opiimize tran was suggested
by the simple O(wil) worsi-case uzdate tize meniioned a2t i
beginning of this zaper.

The vroci of Thecrez 1 assumes tnat the reader is fexi
with AVL, 2-3 and culiiway <rees, at lecst 4o Skhe toint of En-73

and AHU-74. Readers not familiar with these referexnces =as;” oziz

this rrcof z2xd still understand most of the rest of Ihis tager

Theoren 1: Lpolication of the AVI, 2-2, end nuliiwer Zrocecur

to a2ugmented irees will produce axn algeriithn wiith an C(w7) CIZRT

[VpTety Vew

runtime (Th 3.2.0).

Proof for AVL trees: A binery tree of neight h will Te =sczi
v

to0 have nzxiral size if it coniains rtrecissl; 2 lesves. Iet

T;, T2 end T3 denote three such maximal-sized trees oI heizht X

Let T denote that AVL tree which is shovm in the diagrex tvelcew
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Let cy c2 c3 c4 dencte = secuexnce c‘ four dzta-codification
comr:ands such thet

i) Comzmard ¢, czuses & leaf to be added to subtree Tl
ii) Coxmmand ¢, removes the cited leaf
2
iii) Cezzmznd c; czuses 2 leaf +to ve 2ddéed to subiree T3
iv) Commznd c4 renoves the cited leaf
It is easy to verify that the vrevious four cozrands will cezuse
the AVL 2lzorithm tc move T, from the left side of tree = to
S 2
the right side ard then subseguenil; back to tie iniviel zosiiic:.
Wote that this cycle of four commands will require O(wil) tize <o
nanipulate the SDS fields. Iwrthermore, this cycle can be rertezsel
any nurber of times. Each reretition will thus consuze ax 238di-
ulonal O(wX) time. At least wT2 runtize nmusst therefore be ccensuzed
by 2 secuence of S0 comzands that first dbuilds the Initisl Iree

and then executes I repetitions of fthis crcle. Hence the AVL

algorithn will have 2% least an O(wi7) CZIRT runtime when it

mariruletes augzented irees. Q
Proof for +tre ccse of 2=-3 +trees: Consider a 2-3 <ree whare

every ancestor of lezf L &ias 3 scns. Consider 2 secuence o
two cormands where

i) Cormand ¢, causes L %0 gain 2 new brother
ii) Corrand C, removes the cited record

Hote that ~These two ccmzands will force the 2-3 z2lzerithzx %
consume 2%t least C(wN) tize. 4ilsc, rnose that the 2-3 tres will
be irn the szre state zfter ihiz2 executicn c¢f these *wo coomends

es it was tefore. Ecch rezetition of a2 c¢rcle of trese twe

comrands will thua ccnsore an addition2) C{wl) tine. Eence,
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an O(w¥) CERT runtime will £ollow by the same argurent thet vwas-

previousl; used for AVL trees.

1

Proof for nulti-vwar irees: Note that oulti-way trees arzs the

generalization of 2-3 itrees for the case when each ancestor zes
between m anéd 2n-1 sons. The vreceding rroof for 2-3 trees can

consequently ve easily modified ito show that zmuliti-wzy trecs 2139

have 2t lezst an O(wN) CERT runtize. SF
This rerer's suger-I-tree clgorithm will be & zedified

version of the lievergelt-Reinzgold bounded talarce sigoritim.

\

In our discussion of this toric, \7 will cenote the lelf son

of izterior zcde v, Vg its right son. Hv the nucber orf lecves

that dezcend fron v, N&, the number of descencants ol V-,
p(v) the rasio Nv,/H . Por fired censtant A, 2 tree will be

said to satisf; the 3B(cKk) "bounded talznce" cecniiticn. if 211

its interior =cdes v sstisf; the irequalisty AL (vl 1 -(.
Alsc, throughout this rarzer, itV will ve assumed theat tkhere o
exists = one-%to-cne correstoncence tetweern sne lecves of our

BB(® ) +trzs =2nd the list of elemenis they rerresent (as orzeosed

to 2 corresvorndernce taetween zZenerzl nodes o0f the trece and <he list:,

f

The s;mtol ilz (el, k) will dencte tie 3-irze zrocedurs usexd

~.

in triz secsion for inser+ing or delesing records in Z3{A ) trees.

The c 2zd % parzmeiers of this -rocedure will be reguired <o

ini+izlly satistr the followiny inecuzliities:
J (% -~

[0}

%
By ocrns S e - - * * N s - Vb Sl TN 2 MY T Mo S Ll L N Y
hl. . Tev o G, - |




(1) kx>2

(2) gl - A1 = 1/x
Llg(ct, k) will use & two-ster rrocedure for rerfecrming insertion
and deletion overations. The first ster will modif; <he tree so
that the user's sgecified record is eisher inserted into or
deleted froz <ne tree in the straigntforward canner suggested
by this cozmnznd. The second step will scan the modified tree
to determine whether any node's v(v) ratio was caused to &s:ceed
the (¢f, 1 -0~ inserval by the first step. IJor ever— ncde
violatins this range, the second sser will utilize one of +4wo
"pebalencinz" Ttrocedures o force p(v) vaclk inio ihe (b, I —-ck!
intervel., The more subtle of these procedures, czlled ZCTATE(A, i), {
is defined =s execcuiing

A) the sinzle rotation of Diagrer 1 wken t(v)L X ond

plvy) £ 7 = kot

td

the double rotation cf Diagram 2 when z(v) < KL axnd
> 1l - koAt
C) the mirror izmage of the rrecedins rotaticrs when

o{v) P 1-0A

The zbove RCTATE(ot, k) subroutine will t

plvy)

- .:,1;._-(04 =) )

, )
to retalance 21l nodes satisfying va>'df

circuns<ances ICT.TI(o4, k) necessarily forces “he p-rosios of

Y

2ll affected nodes vack into the (gh, 1L -gb) rante), & Cifferens
S

mocdule will Te uitilized by Alg(dv, i, to rebalznce noles wioze

I-.'v £ o('z vzcaise of thelr less stable nzsure. In this case, .

b/ do iyl . . -~ o P < PP Y e F-d <5 oy ~ ~— v
the trivial tus irnefficient brate force me<hod will te =rxlied
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to ensure that the entire v-rcoted subtres has p-raitices telconzing

to the (¢, 1 -4) range. The inefficiercy of the trute force

method, or any other devails zertaining to it, are wnizmzorierns

since its restricted applicztion ito nodes will seall I vzlues

ensures that it cannot affeet the runtirze magnitude of slg(dh, k).
The Alg(d , k) rrocedure cescribed ztove is 2 mircr

9,

generalization of a similer 2ligorithm that was originslly
troposed by Tievergelt and Reingold in WR73. Their eligoritrm

was for the most rart the special version of ilz(oh, L) resul<iaz
when k = 2, Ve say "for the most pert" beczuse the IR73 alzoritno
contained & miror error of omission by not including <ire brute
force nodule,*

The zigrnificance of Iievergelt and Reingold's weris was *iat

2]

they demonsirated that Alg(eh, k, pcssessed the stardard C(lez 1)
insertion, deletion and sezrch +irmes associzted with Z-4rces:
it ensures trat no inserticn or deletion czx czuse anyr

initial 3B(ch) tree to violiate this condition. I% is trivizl %o
generalize tha IR-73 resulis for an;” o~ and k rarzmeiers
setisfying egustions 1 a2nd 2 (only the runitire coefficient of
trne Alg(eAh, k) rrocedure chanzes 2s ore varies iss rorczeters
within trhe permitted range).

Twio theorems will be rroven about the Alg(oh, k) :troccedurs
in this sectioit, The first will indicate tzat the originclil.-
provosed Alg(ol, 2) procedurs has an C{wil) CERT runiize when

aprlied to zugrented trees, and the secornd itxat =n C(wloz 7}

CEZET can ve ztieained i€ 2 is zet rrecter thon 2.

- cr'r'lcn1r\;‘-_ LY A ere Ve

¥ " ey <+ esclnwe tad o e ok bl 3 . -
* 7o widerstond why tihrs mocdull iz neceznor:, wlele *le wvolue
£ Ay - = - 3 cve?
of s(v.) in Zizzrem 1 wnen I, znd of cre suzll.
) [
-

S L ot ik S GRS T e oot T




Theoren 2: ipolication of the Alg(el, 2) ctrocedure tc auzmenied

—rm -~ T

trees produces zn zlgorithm with an C(wX) CZRT (Th 3.2.I0..

Proof: Iet T denote a BE(cX) iree whnich conitains *he *hree

subtrees T, T2 and T3 as showm in the diagranm below:

L S0 2

hd el e

Let us further assurme that these three subtrees ccatain resrtectivel:s
A, (1 - 2407, and AT leaves, Iet ¢, ©, ¢y o, denctea
secuence o0f four comands such ‘hat

1) Comzand ¢, inserts a leaf into the T3 suciree

2) Corrand c. deletes +the sa-e lez?f

n

ct

3) Corrand c3 inserts 2 leaf ianto :ihe Tl subiree

4) Command ¢, deletes the sere leaf
It is easy %o verify thet +he trevicus four commands Wwill cszuc
£1z(ck, 2) to move the T, sudbtree from the right side of rclie v
to its left side and then »aclr to the izizizl rosition. Iicte

that these movements will force :ilz(ck, 2) to consume C(wil) tire

(because the ST3 structures must be a2djusteé whenever T
(7]

N

Also note that tihe cyele of the zrevious four commanis can te
rereated any numter of tizes. Zach rerevition will conzuxe
O(+) 2dditional tire. Hence ilz(coh, 2) will have 22 C(ull!
CEAT runtime for the same rezcons thet the VL alzorichn kol

b L S "y sed P
this mmiine. LI
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The renzinder oI this section will ve devoied <o ctroving
that *he Alz(dk, k) zereralization of the bounded talance
alsorithz will rmanizulate augzenied trees in 0(wlog I7) CI3T
runtize if k& is chosen greater than 2. Ia this discussicrm.
we will speak of z tree's collective decth., This will be

defined 2s the sumn 0f the depths of it{s leaves.

Lerma 3.1: Tach application of a2 single or doutle roiztion
to 2 node v vy tae Alg(ch, k) Trocedure will cause the colleciive

leaf depth to decrezse by a2t least (k - 2) ol .

Prooz: Sinilar zmet:ods are used to verify the theorexr Zcr the
cases of the szinzgle and double rotations. It is therefcre :zufii-
cient to consicer the single rofztion of Tisgren 1.

The rules of the Alz(eh, k) procedure izzly *het *his
rotation is executed onl; when

i) there a2re less than cﬁﬂ& descerndants in the Tl subtres

ii) there are rore than (i - 1) cﬂ:v descendants in the T
subtree

-

Also it is esrparent that the sinzle rotation of Tizzrsm 1 czuces
e

[ ]

i1ii) the depth of 211 records in th T, subtree to increese T

[

iv) the depth of 2ll records in tre T3 subiree to decresse Tt:-

’.l-

The collective izzlication of i) through iv) is that this roiziicn

3 will produce the zredictecd loss of leaf depth. '

-

?.
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3 Lemma 3,2: If k>»2, then the amount of +time that the Llg(X, k) 3
vrocedure w7ill need to make such adjus*zents ix the SDS fieléis
will always be croportional to the z2rmount of leaf-dexth lesk
during these rebalanc g transforcetions. llore srecificelly
the ratio of tixze spent adjusting the SDS fields over loss of

leaf-depth (during rotations ) will always be less *han or
w

= {m
equfl to m (Th 3.2.R).

F |
Proof: Hote that the Alg(chk, k) procedure requires nc more
m——— &
than wﬂv ntine to adjust the SDS fields wren it nerforms =

|

rotation and trat the rrevious lem=a indicazied 2 lower touxnd

on the associaied loss of lezf-Geptz. The rresent lerra is g

direct consequexnce of these observations. Q=D
h
Theorem 3: If X > 2, then the ilz(ct, k) trocedure will hcve

an O(wlog II) CE2T runiime when it manitulates zucmenied *rees
& -

(Th 3.2.8).

Droos: Tote that the only rart of the Alz(RA, k) rrccedure
which is capable of takingz more than O(wlog II) +tize is its
ROTATE(A, ) step, Also note that the rrevious ler—a indiczied
that the runtime of this ster is rrorortional %o the loss of
leaf-depth, The theorer will tiwus te rroven if sufficiens
bounds are verified on tkhe size of ithe collective leaf-cdexth

of Z3(ck) trees. Such bounds Follow STrom ine observotiecn “hnt

'! S
|
{
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if N dernotes the maxi-ux size of Tree T during command secvence

¢, then the nonrotating asrects of these comrmands canncet incresas

the collective leaf-depth of T by more than O(}C| log 1.

CED

Corment 1: It is interesting to re-examine Tievergelt and

Reingold's originel Alg(ck, 2) vrocedure in light of the trevisus

(o]

two prorositions. Note that Theorex 3 holds only when k D 2. an
it therefore 3id rot prsclude Alg(ch, 2) from aavircg zn O(wil)
CERT runtice. In the contexs of augmented trees, ilz(ed, k)

is thus cconsidarabl;s zore efficient than ilg(k, 2).

Coxzment 2: Asz, it is interesting to comrtare ilz(eA, x)
to the siightly different trocedure rrorosed in Iu78. Zer

Polk) pyrazids, Iumeker's algorithm will have an C{wlog I} CIRI,
However, it dces not generalize easily to other +tyres of
eugnmented trees axd zust have an O(*vlo~2 ) CEZT Tor cexrtzin

types of trees.

e TR TA S PO R O UL LY. rress 1

ceabaieaiin
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e

. e

A s .

constructed." 3y "rertiall; constructed" we Dezn an SDS ITield
that hes not yet been comzletely tuilt Dy the eveluiicnary
process. in SDE field wnhick is rnot Tartielly consiructed will
be czlled "fully constructed.” 4Also, the ter—s '"current" and
"enticirated" nodes will te used. The former refers %o axn
interior node presently existing in an augrented tree, zZnd
the latter to 2 new rode that a2 srecial zodule of the
i1g (A, B, z, J) procedure "anticivates" will be inseried
into trhis tree after 2 forthccoming single cor double rotetion.
For instence, if 4lg (&, B, Z, J) anticiretes the fusure
execution of the cdouble rotation snovn in Diagrez 2., then ke
nodes V3 anc Vo would ve said to be "anticizzted." In zererszli.
the symool ANTICIT(v, 2) will deroie ihose xncées *hat
2g (A, £, &, J) anticipates will be inserield afier ik
arplication of a roitztion 2 to & ncie v.

The 21z (4, B, X, J) rrocedure i1l de desizmel <o iusure
that all its current interior nodes heve full; cornsitructed D3
fields (since it wouli oherwize make very little sense ic
ezploy ausmented itrees). Its anticizated 3DS fields will

ically be partially constructed. The cubile comtonent

of Alg (A, B K, J) is the evolutionary rrocess that efficien=l-

converts the initi=2l "rartially coastructed" 303 fields of

"enticirated ncdes" into the final "Ifull; construcied" IS

-~

fields of "current nodesz." .Luch of +thre esszernce ¢Ff this

evolutionzary rrocess can te exrlained Yy exzmising the d

v Ed

rereneter ¢ Alg (o, B, Z, ¢). Tor constant ¢ whose volue
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will be defined leter, alg (&, &, X, J) =ill
D

i) anticizzte the application of 2 rozatior to
an early encugh tice to ensure that at least
insertion ard deletion coczands are a2rplied to the

v-rooted subtree tetvieen the tine

and the time when the rotation is
ii) gredually construct the SDS fields reguireé by <his
rovation during this intervening teriod in g z—zune
a) expends Jw runtize Euilding each SDS field ¢
ANTICIZ (v, R) on every occesicn when
or deletioxn command is azrlied <o one of v's
descendants
ensures that a2ll the SD3 fielés of .UITICIZ(v, =}
have tecome fully consiructed refere “nat tire
vhen Alg (of , B, X, 5) zpplies rotation 2 o rode v
Cnce zgain it snould be reveaited thot *he virsue of the ctove

process is that it cakes tossible zn C(xlox II) worsi-cose rm-=ire

A

in the contexs ¢f a2 iree hcse curren®t ST fields ave

fuilr constructed. A more formel descriztion of Alg

will Ye given in the next section.

k1 Pt 8 s PP M B T~ WU T e 4
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PART 3

In this seczicn, SU2(v) will be defined zs the Zzy-vzlue

Ce e A

the current excesior closest 0 v suck thet The lefs sox cf

that ancestor is either v or znother one of its arncestors. Llsc.

INF(v) will be given *he seme defizition in terms of right sons.

SHea v

N C

These definitions eesily izzly that 2 leaf-record will ke =2

. - - . - - - -— -\--‘ / A
; iF zr@ onlv if i3 setisfies IR S =v<: ¥

-]
- \ ,s-_.... [VEPTN /.
— w c—— — e————— — —

This inequzlity should be regezrded a2s holéing Zor bhoihr currens

(41}

end anticirzted rodes (since i% czn be intervreted 2s discussing

enticivated descerdanss in she latier cose,.

The acvenstage o this terminolozg: is that it enebles us 3¢

Do

neke much nore exrlicit the lass section's intuitive Zescritiioxn

Gescriziion
of "pertizlly cornstructed" zxndé "fully constructed'" 323 Jiells.

Porcel definitions czn now be given to these concer: SoSiv) )
will te Cdefined o be Tully cousiructed 1f it dezerites Tacse
Ping II.P(v}ﬁIEY(.SU?(v); and %o be versiallir

constructed il it cescrites *hose rﬁco satis?

EARn Rt - ———

ITP(v) LEY{T2F (v) for some number TZT{v) vhich is less
then SUZ(v).

The evelutiornarsy -rocesz used by 2lg (A, B, I, &) Fer
graduall; enlarging the rartiall; -construcsed SDS fields w=s
called the GC.LS subroutine in wi782 (the acron

Gradual Consiructicn of Anticirated SIS fields). This troce

: » ~ ) . : - - - o =
¥ recuires an cnticirzated node v and 2 intezer J s arguments. ‘
- + 4 . e ) ~ 3 hi a4 - T .- K
Cron its invoeation, <“he CTCAS vAill enlcocrge tiie sartisll: con-
F ] [shalay S0 - - < -~ N . Ta s
structed SDS(v) field Y inserting J new records inito Uhis




data structure (=nd a2lso obviously incrementing the value o7

~

TE2(v) to reflect these izsersion

It is straizhtferward to develot an izmtlemenission of =:ze
GCAS procedure that recuires C(Jw) runtize uron ezenr invocziicn
(because in this runtize *he trocedure can welli J sters dowm 2
linezr list of records and e:zerd w runtize inserting ezch
encourtered record into SDS(v)). & formal descrizntion of GIT:i3
can be found in vart 3.4.E of WiT78a. In ithe interesis of
brevit;, this basically trivial subroutize will nos b2
described aere.

Lnother necessary concezt in this secticn is that of zn

. P s b ot - i - < e
"untizel; disrustion.®™ Aintigivesed ncae vw* will Te szil o
i =L ==
s P 3 3 ;o LR} o i R ATT A n T/ )
exnerience gn unvizmely disruzntion if gither 3UZ(v*) orn ZII777F)
&z == oy
d - o e~ AT a T
unaerzoes & cronge o value,
= ==

Let us recall thet 71 is used in *his rezer S0 izncTe ks
nunber o v's descendants a2nd C tc lenose & secuerce 07 i:zariicn
and deletion ccrmrands whose lenzgth is denozed es f
I [ end T will vectivel:
Lo Tov end oy T resvectivel;
end finel velues cf Hv during C,

Lerra 4,1 Let v derote an intericr ncde in tree T, v~

en anticirated node velonging to ANTICIP(v, R;., ané C 2
seguence cI coxmzends that inzert znd delefe rscords in “he
subiree o 7 which is rcoted =i v. Sunscse that (i isveocosienz

= ~ EY e PUSES . £ 4. N
of the GC.S zrocedure cre mede with The arsmtients of v cxnl

-\r\«—
[y

-~
O

()'

during the reriod ¢f C'g execcution. SRS(v=) will

B R T PRSI S S o s L TR ARG LERE R - BT s SN

T s PR IT)
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- e oy S = = A P S ] ~ s O - S . < A
full: conzitruc*ed %efore the end oFf this reriod if vt er-erismces

b .

NO CUIIRILELY DISZUTTICIS durins +this vwa2riod and zn- ore cf fle

following “hres conditions does noli:
(3) lc)>z 1
(4) fel>r, /-1
(5) le{>r /(3 -12

len—a 4.1 recuires no treoor, since it is an =2bsolu-el-
trivial consecuence of the definitione of +the GCAS —rocedirs

nd of partizll; conssructed SIS fields. Illcst of tae res: ¢f

[11]

N

his section will skhow how the 2lg (. 13 i, ¢, Trocedire shiell

ct

its efficiency by inzsuring thet +tre condiitions ¢f this lenm

Vea—

B

7]

- .. - . .‘"
ere concistently saiisiicd.

o8 L 4 1 I - ) S . P
Another defirnitioxn thet will Te needed ix cur cisecussion

-— e

that ¢f 2 node v's being "affected” T a rotaiicn his

11 be defired %0 mean that ore of *the followinz %o ccniiziors !

C——y

satisfied:

- " . - s v L. - b i - - -
directly manizuleted ty tnis rotation {:i: sroto. r2 i

e
(%X
S

the node is rhysically nrocduced by =he reization

(VA, \4:) ard Ve in Diegrems 1 ond 2 are exanmiles)

Lera 4.2: Zet C denote =z secuencs of comrends ~iven <o

insert and Jelete records in the subitree ket has v o3 o To

-

T,
- Py 3 > . SETEee -+ . S P EN

no rotavicn zffects v during the reriol in guestisn. “han
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the p(v) ratic can change by ro more than C /I.:cv during *his
tipe (Th 3.6.D).
The proc? of Lemma 4.2 has been omitited from this zerer

because it is trivial (it can e found in 7i782), Y nenT
toric is the ATE(A, sutroutine. This subroutine weo
previously used by the Alg(c(, ) procedure =c determine w..ether
a sinzle as oprosed to a double rotaticn shouwld be earrlied o
rebalsznce = node whose p{v) ratio exceeds the (&¢, 1 -o4) renze.
In similer zerner, it will be used by Alg(ot, B, I, 5) . omly
the tizinz of rotaticns will differ in 2lzg(ek, =) cnd
Azglel , B, %, J). Instead of asutomaticzlly emscuting o
tation as soon 23 r(v) exceeds (&, 1 -&t), 2lz(et, 8, =, & !

will utilize a comrlicsted timing mecharism which inveles

e Ve _-— e

v

ROTATE(ck , %) at soze time when p(v) has exceeded ©, 1 ~&k)

but still lies within B, 1 -8) »onze. The

Pan Y

brcader

)

following zreiizinery lemma will rlzy a major rols im cux

S X

later, rore detziled discussion of Alz(ct, B, Z, <,

Lerma 4.3 There exist coefficients A, o, 2 and I
satisfing

A>A>B

guch that

aq

i) for every tree 2lil of whcse nodes zave ct-raitios
velonging to the (B, 1-8) ranz '

ii) for every nccée v within ihis iree whose p(v) »otio

exceeds the (ol , 2. -4 ) intervzl :
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the arplicctiion of the RCTATEZ(A, k) suctroutive o ke subzree
rooted &% v will czuse £ll <he zifected ncies 0 otsain t-retios

belonginz to ke (A, 1 -A) izntervel (71 3.5.4).
(~]

Cne way to verify the precedirg lemrz is *o shew thes it is

S L L

2 consecuence of more or less sirzightformmard zligserz. ilihcug:

b

0]

each step of this derivztion is sizple, the toital comzutztion

made compliceated by the fzct thet it reguires the verificesiion ol

approximctely threse dozexn equations. Such anseljysis is ¢clezrly too
lengthy for cre's intuition, anéd there does exist a simzler »rced
Tor those who understand roint-set +;Tolozr.

The latter prcof nas Two paris. It begins with the observs

tion that Lenmmez 4.3 cax be slgebrsicell; verified if <“xze lezcs

.

is changed to rezd: 3{v) =k =13, Subseguentlr, the nrcef uses
typological arzuxsenrn’ts sbout continucuz Funesicns o sheow thot
Lemzme 4.3 is 2 consecuence of this cbservation.
In tre interesis of brevity, the detzils of this latter
oreof will not be ziven here. Readers interessed in this

In ocur discussion of lg(L, 15, X, &), 1% will te essumed

that tre o, B, x and A perameters heve been cihose

L - e
n to sailisiy

Lemme 4.3 and <hat J hes been chosen %o sctisfy

(€) J 23 + 3
B*(A-u)

>3 + —_ |
-3 |

Cy

(7)
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Cur forzal descrirzion of &lg(t, B, I, J) bezins i the rexs

peragrzch. This rrccedure will be carefully desizned to ensure
- - > - . ’ l‘ -
that 211 nodes haeve t-retios consisternsly telonging o the (8. 1-8)

range. It will utilize the GCiS subroutine for consiructing

[€2]

anticizated SDS fields in the evolutiorcry menner rsrevicusly

descrited. If =2 node's p(v) retic exceeds (gh, 1 -K) Tui

lies wvithiz (B, 1 -B), then 21z(, B, ¥, J) will heve :he

RCTATE(L , k) suoroutine 23ply 2 rsbelancing rovcition 2 af =he

first roment in tize when +the SDS fields of AITICID (v, R) havs

reached fully construcied states. Should full coznsiruction znoi

be recched vefore *he time when p(v) exceeds zhe (B, 1 -8

intervzl, then 4lz( &, B, 7, J) will invoke en inefficier:

constructicn rrocedure that recuires C(':rﬂvlog ?.Tv) mniire ¢ !
reorganize the v-rooted subires. The efficiency of ilz{c, B, i, &)

will be sicwn v0 result froz the fzet tznat 2 rroster czcice of

varameters ersures that the inefficient procedure deserited in

the rvrevious sentence will te execused onl;” when :Tv Ig Touxdced

zbove by scme small constant of 1. This varso
only to provide z brief skeiech of ithe ilg{dk. B, =, J) vrocedvre.

A much more deitziled

take as argurensts an augnenied tree T =nd & ccmznd to eithsr

insert or delese a2 record y into T, It will be eassumed tres

P L [l P bl T 3 Lae T omen A < ~ A

the four varemeter:z of lg(dh, (3, I, J) satisfr Zemra 4.3 and
t
s P - ce s S s avmn ae . .
equstions 6 and 7. Also, it will te rrecsumsd that *hsre is =z :

one-tc~one correstondence tvetween tie lecves o T cnd iz rezceris

PNy T SN T G TR I e
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0f the list it is recresentirgs (2s oppcsed To a pairing bedw

'rw:_23

- .

gererzl nodes snd reccréds). Uron the user's inser<ion or delssicn

cor-and. tae following crocedure willi Tte executed:
1) First, insert or delete itho0se nodes suzzested br the
user's coc-and. Lore specifically, this means thai:

la) If the user gzve 2 deletion com-and. ther hoiz

record 7 and its father shcoculd te deleted (+xe

latier because a2xn interior node res nc rurrose

when it has only ore son). Along with these cheaxnrzes.

4]
0
p]
[
5
[e]]
-y
4]
ct
14
o
3
',_J
n

the relevert rointer in 7!

ad justed so that 1% conteirsthe 2ddrezs of -

brother rather *than father.

1b) If the user zave an iaseriiox comzand, ihexn e

the approxizate inverse c¢f the 2bove crerzitici.

2) Ilext, update 211 nezcessar: SDS Fislds to reflsct =2

vreceding insertion or dsletion of ;. Ihis means itz

- ~ s )

Ce &

2e) All (current) ancestors o  skould have their

SDS fields urdazed.

2b) Also. for every such ancesior v, 2 checl snoull te

made to determire vhetzer Alz(o, 5, . J) has

raised a flag indicating the anticipation of =

rotetion on the subiree rooted 2t this rnode.
then the anticizated SDS FTields of ALTICI=(+.

should be uvpdated when approzriste.

3) The last portion of ig(el. B, I, J) will be desizmed <o
(

ensure vaat the p-ratios of 2ll nodes belor: =c iz




~re

Wl

|..o
i<
m
!
0,
1

(3]
1

interval. This step is the orly tortion of il 5(0( 5 I,
which recuires subtlety to a3vszin efficienc: The Zolloving

{ I
{eurrenvy,

s8ix substers will be involked once for ezch

.ancestor v of y in bottoz-ur order

32) If p(v)< o, then reise a flag indicaiing ke
enticipation of =z leftward rotztior <arough ncde
v (if this flzg was not previously raised).
Sizilarly, lowver ihis flagz if z(v) >,

3b) In like ranner, raise a right-rotaicn en<icl-z<ion
flag if p(v) 2 1 ~-KX, 2a=d lower it otherise.

3c) Let Ry and R, denote the sirgle ani coudle lels
rotetions illustrated in Diegrems 1 ané Z. I°7
the left-rotaetion flzg is raised over v, =hen
raike one subroutine-call to GCAS for ezcn

AT/

anticivated node in ANTICIT (v, Rl) and ATICI5(v, 2
with the srecificaztion sha<s their 3Z2 fielie cheould
each ve enlarged br ¢ elements. (i tosal of *irec
enticireted nodes are affected Y7 theze sutreca-inc-
calls: 1in the notation of Zigzrems 1 znd 2. -lhe:r
are V,, Vg and Vo)

3d) If tke right-rotation flag has been rsised, +ihax
meke the similar sutrouvine-calls to GC.S for it,

3e) Let R denote ithat rotatica wihich *he RCTLTE( K, i)
subrcutine indicated would rebalaxnce ncée v, I

p(v) has a vzlue l;ing outsicde the (&, 1 -«

intervel but 3311 within the (8, 1 -8) reare,




Villard - 2%

f

and if 212 the SIS fields of ~ATITIZ(v, R, have rezcre
fully consiructeld states, then execute shis rotzs<io-.
3f) If p(v) ettains a value outside tre (B, 1 -85

interval, then invoke the triviel inefficient trccedure

thet recuires wii_log il runtime to ensure *hat =211 1
voUe Yy

mecbers of the v-rooteé subiree have p-raiios telonging

to the (1/3, 2/3) inzervel.

Corment: Cne of the themes 0F the remezinder of <his sze*icn
will be that ster 3f's inefficiercy is unizroriznt beczuse =
later theorem will show thet it is ezxecuted only when L. is
less then soze srall constant of II. 3efore delving into this

toric, we introduce soze vprelicirnary lecmeas.

Lenma 4.4: 4 tree manirulated by the Algled , &, X, I} 3
procedire must have 2 height of O(log M) zegnitude (T2 2,5.2

and 3.6.C).

Proof: ~n view of Lemzz 4,3, it is zztarent that sitezs 3=

and 3f of ilzs( X, ﬁ, %, J) ensure thet *he p-ratios of zil
in T belong to ihe (ﬁ, 1 -8) interval. IIR=73 ras irdicezsd

that suca ratics ensure en 0(log N) reight.

Lemma 4.5 % single invoeation of z(d, 19, y, J) will never

ceuse stvens 1, 2, 2a throush 2e 1o collectivel; cecxsunz more “haon

C(wloz ) worsy-case runtime (Th 2,.4.I, 2.%.3 znd 3.5.7). n
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Proof: Given 2 tree of keight , it is easy to see <het

1) Ster 1 will consume =0 more %han C(L) run‘ize {%o
locate that record waich should be incserted or celezed;.
2) Step 2 will likewise require nc more than O{xw) ruasi-e.
3) A single invocation of ilz(dA, B, ¥, J) will czuse s3ers
3a throusgh 3e to te iterated nc more than h tires it
ezch execution consuming no more *then cw runtize
some ccefficient ¢ that is & function of &, 3, T end J.
The zresceding observeticns izzly that stezs 1 throuskh 2e will
collectively ccnsurme no more than O(wh) runiize. In view o
Lemre 4.4's derivation of h, this estebliszes our C(wloz IT)

wors J-Case I"\.t—-u—u . ’*«:E-D

The final gozl of this sectior will Te to nrove =hat s%ay 37
alsc executes efficientl;, That resuld, in conjunciion Hi=h
Lemma 4.5, will show thet slg(ed, B, &, &) ras en C(ulog o)
worst-czze runtize. Our discussion of shis toric muss e

nrefeced with four rrelisinary ler-zes.

Lern-e 4.2 Let C denote 2 seguence of inservtion ond dale-ion

comnends tnat are =pplied to the tortion of tree 2 thas is =

descéndznt of root v. Surzose that either p(v)<€Lof or z(v )2 2 -&

durirg this seguence. If the lenzth of C sosisfies
ch o]
@ | f' (A-ct) Iy
4<hen no nore 2n two wntirels Cisrun~icone will te zimerisnced
b the ITI2IZ(v, B) nodecs (Th 2.6.F
s Py . L AN - - ® - J e

- —eigy .0




Froof: It is sufficient vo
wvhere t(v)<X intervel (since th

syome tr” arguments;. The Trood
the following three observations
1) Let vy dencte v's right
of vy (as was

1l and 2), It

=
[0

easy 1o

[¢]

in this cese zre ToOssib

a rosetiorn to the subtre

trove tie lexiz oal; Zor she gaze
e other case will Follovw froo
for tihis czze will be based o=

son &nd 3 derote the lef4 scx=

reviously showxn in rotetion dizgranms

see thet untizely disrurticns

-

le only if sters e or 2f axrlr

IS N I LI - -
€8 ICOovel Ll eliler Vv o V-,

2) Let s deno*e *he node of v, or Vy. 4n ememiretion of

Lernma 4.3, itogzether wvith stets e =nd 37 ¢f :1:3(d,5, I,

revezls that such rot
lies outside the (¢,
will cause 2(s) %o move

3) Iemma 4.2 ard ecuction &

S
p(vR) cr p(vD) lie inside +the

icns will e made onl; when {3,
1 -d) interval, =nd thas the
inside the (A, I -A) renze.
ez

- er dlamd 3O ; +
1y izmzly thet if eitrner

(A, L -D) intervel

(a2t the end of any single commend in secuence ),

then this vzlue will rerzin inside the (A. I -}

range Ior the rest of this commend secuence

Dy

It is feirly ezssy tc show that the treceding three obsirvaiicn:

imely that ANTICIP(v, R) will be

caused to have 0o rmoras itrnan

one untimely disrupsion from node Ve and ne more than one

wrtizely €isrur=ien fronm Vye Thus 2o more thaxn two uniimelr

disrurticns will occur.

QT.')
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Lerne 4.7 Le%t C cdenote =z secuence of insertion or delciion
corn-.ands that are azplied to 2 subtree within 7 waicihi iz roczed

at v. If

(9) Jcl 2 {:Efgz_

then it is imvossible for ihe value of Z(v) to remain in ei-her

the (B, ol) or (1 -, 1 -8 ) intervels durinz ihe ZUTIRS pericd

- means of conzrsdicsion.

Drcol: The lermme will be verified %
Cur C-oad. vill thus be t0 show that 2 contradicition will cri:ze

if it is essumed that p(v) will remzin in eizher th ([:

(1 -, 1 —3) irtervel durins the entire exscution of secusnce ~.
o
Let C* denote the secuexnce of she last comzends trot
ks -
¢ = 3

apveay in secuvence C. The cesired con“rzdicticn will e ct*=
if we exzoine this secuence.
Tke significent characteristic of secuence C% is thet e~uc<icn

:vlies that its length must sgtisly the irzecuclis: of

(%] Yo

(0 el g rﬁfm-at) F ool

The above equation, together with the hyrothesis of lerzmz 4.7,
il +that mxe 4,6 is appliceble 40 zecuence C¥, Thos lemno

irndicates this sequence c¢a2n contais rno ore than we wniimel:rs

disructions. It thus follows thet secuence C% will contain o

™
e hid
sutsecuence cof < l conzecutive comzond

R T

o
[#]
34
)
(8}
ot
O
O
-3
ot
9]
'
3
'
o]

J -3}
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.
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uwntirely disrurtions. Ir view of lemca 4.1, it is 2o

ANTICI®P(v, R vill becozme fully corsirucied as = result c¢f =ke

reveated invocations of GCaAS thet ere mzde Tty ste:

+
0'
(o}
(]
o
o
1]
®

during thiz reriod.* This latier fzct is izmrortant

ey

sier 3e of Alg(dt ,B, X, J) is designed +to arpl;y rotzticn 2

to node v as soon as the ANTICIP(v, R) SDS fields reach s*z:es

WABIE L g et

of full construction. In view of lerma 4.3, this rotziion will

zove o(v) into the (A, 1 - &) intervel, which is 2 sutrses oF

S e s

: (2, 1 -A). Hence, the desired contraiiction has teer reacred,

since it was imrosszitle +to kZeer p(v) ouiside (ef, 1 -A).

Q=D
*n - o L . » v - . L. '
Lerza 4.8: If step 3f of Az (&, &, I, J) applies = rosetion |
to node v, trexn at the tice o this rozziion I-.’v Dustv savisi;” Tre ;
following eguation (T2 3.6.%):
I+ )
Jd -3 :
Proof: otz thet ilg(dt, B, T, J) will 2ppl; ster 3F =o nodic .
s> ~ . 3 K 03 2 [~
. v only if this node's p(v) vzlue lies outside =he (B, 1 -0 H

range. 4lso, note that Lemme 4.2 implies that tre reriod tesween
the last time when p(v) retained s value inside she (&, 1 - &

interval and tre —oment when it movez ousside the (8. 2 -5)

o ~ - D s S v N - - . -~ a~r '’y v
* Some esrecizll; attentive recders zgy wich to widersiond wny

v

slizhtl;; Cifferent derozinaiors of ¢-1 &nd J-3 arrenred i: Zemnc

4, 1 zrd “2e Trezent lextza, IRe answer Lz tlal the lermmngz dizousa
differens secuences of cor=nnd with the 4,1 sezuerncs con-cinad

within uie rreseni gejuencs. CJongetuentl;s Tov kos clishils Siffir- |
e::“: meanings in whece: <wo larmmog. czd <he dencmincior ~uct e :
Zd justed o rexe Lemuo 4.1 criplicoble 4o Lenmo 2,7,




interval —ust include a zini-um of r(ol-B) :T:l

deletion cozmnmends whica are arzlied
This fact, iz otker words, rcesns that

r(e( 3;..1 -~ 1 cozzends thet are

0 Vs ses

durirg tke interim teriod wken (v} lies in either

or (1 -l , 1 -B) intervels. Tke proo:

T tihe rresens

can be comtleted if we ovserve that Lerm= 4,

scme set of inserticn 2nd deletiorn cor=ends

contain more than

in the rreceding two senternces impiy

~

is Zorbidden o

Lence 4.8: Zach invoceation of step 2If

will ccnsume no zorz than C{w) runsic

Proof: uation 7 inmplies +ha
gsetisiled cxl:- for initezers ﬂv <nat are

constent of I.. In view of Lemra 4.8,

step 2f is applied only to nodes <new

0)

this tound inrlies

descendants. Eence step 3f must consune less then Zlog 1w

runtine for some fixed ccnstant .

Theoren 4: e A1z (&, B, ¥,

ar

will veoszess an C(w log I1) worst-case

end deletion rntize.

srececure

PR e o



Sroof: an

Remarl: 4.1:

serarsbility corndition if all pointers

izzediste consecuence of

An augrmented {tree will

-~ ~

be said to satis’ <h

o =3
WUl

necessarily contain the addrescses of other date itexms in sxe

sare SDS field. 411 the zugzenzed

Vi78a, end rart 2 of ViT78c were cerar:z

theorem <aus
Technicelly,
trees, such cs

of 7i78a (vhicn
rodes by having
in tke other). Ievertheless, it

the suver-c-~tres zlzorithm

latter tyzes of r;ramids. & deiailed

hag been onmitited from shis

interesting theoreticel issue

0]

Rerpark 4,2

indicates that it has ar efficiens

but an inefficient jorst-ccse

can be marledly imrroved wita

rodules.

treats sier 3 of ilgz (o, B, X, 9

-

rebaloreing orerciions

whose node

guarantees treir C(wilog 17} worsi-czse uzda<e
the thecrem dces noit ayTly to
the P5(2) prremid of Wi7fa or
lock together the SDS Tields c¢f faszer

records in cre field

is

i detailed examinatica of Alg(dh, B.
coefficient.
the use

Ore escvecially attiracsive =odule is o nrocedura

are

. e
trees in 3877,

qﬂ"..

~
N

-

le, &nd

inserarccle

= =

h - -\

-

atscliusely srivisl

\
]

i

(oMY

N gk b ks

e

PSR P4 N g <
rvatire cceffiziens
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zotn
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of severzl additicnesl
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Caate s
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O
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G
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tipes when the computer would otrervice te idle, There cre glso
zany ouiier imrortcont ccelficient ortizization tecimizues., Tiese
vere »ot discussed aere because Tiher were deered unsuzitetle Ior
an inircductory article.

Repark 4.3: There is an interesting modified version ¢ tis

super--iree alzorithz tizat mary ve uceful in ceriein entl

-

I s o . - PP i - . - .-

This vorissicn will te czlled the muliirsih surer-Z-itree. It vill
> , < Fe : ] e - - [ . T3 - w7,

assign ezch intericr ncde & multizle nuxter of cliilirs:. reirer

than <wo. The I vzlue of 2 noce v al 2 Jdenth d in 3such = Iras

<
|

. - - ~ =7 % P + E] = T
tAth 7 deacerdornita will te recuired L0 zotist
AXF 970 ) - te

(12) A1y Lol Gy

~ R . - . ; PR . - -

- o A™ N ah T e b 2 b T AR “AmA M A o aa e = ~en d B R o

I0Y SOIme a7 TTYCTYLoTeSi” CLC22r forE=enes 07 .. = . X2 ET
_— IS -

cdefined node srlitting end mergisz rules will enslile ~he multizcis
i 43 y 27 —om g s -z
2lgorithm to have C(wlog i) wors*-czse or CIET issertion and

deleticn runtine (the scxze 1s noi iruae when the oulsive:-

algorithm of In73 iz arzlied to zugmented ireses,. Comrcrisons
vetween ruliipeth and birary surer-IZ-irees revasl thes Tz Isrmer

hgs &n invproved mexery syace, insertion end deletion ccefficiansa

e : + 5 =1 £ - it - . [
crows LIITTrovermnenws 1 Tne Yyeiurlevi.l o 2 CCeZI

while the lztte

H




-

2 1T et .
villers - 32

cOorCLTsION

The fundsmental concezs which zmotivated —uch of il

preferzble to ozher Z-iree methods teczuse tze value ol (v,
changes very slowly during a secuence cf insertion and Zelstion
commandz. Alg(, B, £, J) utilized this siatle tehevior %o
successfull;” anticirzate iits future rotations 2t & zsuliicilexn i
advenced tire to ensure an C(wlog I1) worsi-czse runiizme “or
augrented “rees.

The resson for our interest in augmentel trees is of ccurse
that BE77. Lw780, Wi78a and WiT78c have shovm thad the imIrers
retrieval time. The surer-Z-iree algcrithnm thus azzecrs -a {
ovtirize insertion and deletion runtime for 2 dote ziruciixrs

thas is atitracting increesing ingerest.
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